Abstract. Let X be a smooth complex projective curve of genus g > 2, and let x ∈ X be a point. We compute the automorphism group of the moduli space of framed vector bundles on X with a framing over x. It is shown that this group is generated by pullbacks using automorphisms of the curve X that fix the marked point x, tensorization with certain line bundles over X and the action of PGL r (C) by composition with the framing.
Introduction
Framed bundles (also called vector bundles with a level structure) are pairs (E, α) consisting of a vector bundle E of rank r and a nonzero linear map α : E x −→ C r from a fiber over a fixed point x ∈ X to C r ; this α is called a framing. Framed bundles were first introduced by Donaldson as a tool to study the moduli space of instantons on R 4 [Don84] . Latter on, Huybrechts and Lehn [HL95a, HL95b] defined framed modules as a common generalization of several notions of decorated sheaves including framed bundles and Bradlow pairs. They described a general stability condition for framed modules and provided a GIT construction for the moduli space of framed modules.
A moduli space of framed bundles of rank r carries a canonical PGL r (C)-action that sends each [G] ∈ PGL r (C) and each framed bundle (E, α) to
In [BGM10] , a Torelli type theorem was proved for the moduli space of framed bundles by studying this PGL r (C)-action. It was proved there that this action is essentially the only nontrivial PGL r (C)-action on the moduli space; the corresponding GIT-quotient was shown to be isomorphic to the moduli space of vector bundles.
Our aim here is to compute the automorphism group of the moduli space of framed bundles with fixed determinant; towards this the following is proved (see Theorem 4.6):
Theorem 1.1. Let X be a smooth complex projective curve of genus g > 2 with a base point x. If τ is a small stability parameter, then the automorphism group of the moduli space of τ -semistable framed bundles with fixed determinant ξ and framing over x is generated by the following transformations
• pullback with respect to the automorphisms σ : X −→ X that fix the point x ∈ X, • tensorization with a line bundle L ∈ Pic(X), and • action of PGL r (C) defined by [G] · (E, α) = (E, G • α), where σ and L satisfy the relation σ * ξ ⊗ L ⊗r ∼ = ξ.
In particular, this allows us to compute explicitly the structure of the automorphism group of the moduli space of framed bundles F (Corollary 4.7): Corollary 1.2. The automorphism group of F is Aut(F ) ∼ = PGL r (C) × T for a group T fitting in the short exact sequence
where J(X)[r] is the r-torsion part of the Jacobian of X and
The classification of the automorphisms of the moduli space of vector bundles carried out in [KP95] plays an important role in the computations done in Theorem 1.1 and Corollary 1.2.
Moduli space of framed bundles
Let X be a smooth complex projective curve. Fix a point x ∈ X. A framed bundle on (X, x) is a pair (E, α) consisting on a vector bundle E over X and a nonzero C-linear homomorphism
Given a real number τ > 0, we say that a framed bundle (E, α) is τ -stable (respectively τ -semistable) if for all proper subbundles 0 E
where
In the general framework of framed modules introduced in [HL95a] , a framed bundle is a framed module with respect to the reference sheaf O ⊕r x . The stability condition for framed bundles described here coincides with the stability condition defined by Huybrechts and Lehn for framed modules. Fix a line bundle ξ on X. Let F = F (X, x, r, ξ, τ ) be the moduli space of τ -semistable framed bundles (E, α) on (X, x) with rank(E) = r and det(E) = r E ∼ = ξ. By [HL95a] , it is a complex projective variety.
On the other hand, a vector bundle E is called stable (respectively semistable) if for all proper subbundles 0 E
Let M = M(X, r, ξ) denote the moduli space of semistable vector bundles over X of rank r and determinant ξ.
By [BGM10, Lemma 1.1], there exists some constant τ 0 (r) depending only on the rank r such that if 0 < τ < τ 0 (r) then the following implications hold
From now on, we assume that 0 < τ < τ 0 (r). Then there is a forgetful map
We can make PGL r (C) act on F by composition with the framing α. Given a matrix [G] ∈ PGL r (C), where G ∈ GL r (C) is any representative of the projective class, the automorphism G : C r −→ C r produces the self-map
of framed bundles. Since for every subbundle E ′ ⊂ E we have
this transformation preserves the (semi)stability condition and it gives a well defined map ϕ G : F −→ F . On the other hand, we can perform the following transformations on (families of) framed bundles (E, α) which preserve the stability condition:
(1) Given an automorphism σ : X −→ X that fixes x ∈ X,
Since two trivializations α L and α ′ L differ only by a scalar constant, this map is well defined and furthermore it is independent on the choice of the trivialization α L .
Note that taking the pullback by σ and tensoring with L both change the determinant of the resulting framed bundle. Therefore, these transformations do not in general induce automorphism of the moduli space F , but rather an isomorphism between F (X, x, r, ξ, τ ) and another moduli space of framed bundles with a different determinant
is an automorphism of the moduli space.
Framed bundles with invertible framing
Let F ss denote the subset of F corresponding to framed bundles (E, α) such that α is an isomorphism; it is evidently Zariski open. Analogously, let F 0 be the subset of F ss consisting on framed bundles (E, α) such that α is an isomorphism and E is a stable vector bundle; from the openness of the stability condition, [Ma76, p. 635, Theorem 2.8(B)], it follows that F 0 is also Zariski open. As the action of PGL r (C) on framed bundles preserves stability, and acts freely and transitively on the space of isomorphisms E x ∼ −→ C r , the fiber of the restricted forgetful map
Moreover, the map f 0 : F 0 −→ M s is surjective as a consequence of the following proposition.
On the other hand, if α is an isomorphism, then for every subbundle E ′ E, we have α| E ′ ∼ = 0, so ǫ(E ′ , α) = 1. Now as rank(E ′ ) < rank(E) and τ > 0, we have
.
On F 0 we can define an additional transformation inducing an isomorphism
in the following way. An isomorphism α :
∨ ∼ = C r and taking duals, we obtain an
Since the transformation is evidently well defined for families, to show that D induces an isomorphism between the moduli spaces it is enough to prove that it preserves τ -semistability.
Proposition 3.2. The framed bundle D(E, α) is τ -semistable if and only if (E, α) is τ -semistable.
Proof. Recall that the choice of τ implies that τ -semistability is equivalent to τ -stability. Therefore, by Proposition 3.1, the framed bundle D(E, α) is τ -semistable if and only if E ∨ is semistable, while (E, α) is τ -semistable if and only if E is semistable. As E is semistable if and only if E ∨ is semistable, the result follows.
Let L be a line bundle over X, and let σ : X −→ X be an automorphism of the curve; take any s ∈ {1, −1}. We define the map
for s = 1, and
In fact, by [KP95] and [BGM13] , every automorphism of M is given by a transformation of type T σ,L,s . Analogously, if L is a line bundle over X with σ : X −→ X an automorphism fixing x ∈ X, and s ∈ {1, −1}, then define
σ,L,+ to the whole moduli space F . However it will now be shown that a similar extension is not possible for T 0 σ,L,− if r > 2. Lemma 3.3. Take r > 2, and consider the algebraic automorphism
Then there does not exist any algebraic automorphism
Proof. As PGL r (C) is dense in P(Mat r (C)) and the latter is irreducible, there exists at most one extension of D to P(Mat r (C)). Let U P(Mat r (C)) be the open subset corresponding to matrices with at least an (r − 1) × (r − 1) minor with nonzero determinant. Let cof be the morphism that sends each matrix [G] ∈ U to its cofactor matrix
The entries of the cofactor matrix are determinants of minors of G, so they are given by homogeneous polynomials of degree r − 1 in the entries of G and, therefore, cof induces an algebraic map cof : U −→ P(Mat r (C)) .
Given an invertible matrix [G] ∈ PGL r (C), we have that
∈ PGL r (C) and cof is the unique possible extension of D to U. Nevertheless, for r > 2 this map is not injective. For example, for every λ ∈ C, let
So, in particular, [G λ ] ∈ U for every λ ∈ C, which proves that D cannot be extended to an injective map on U. 
Therefore, it is enough to show that there exists some E ∈ M such that the
cannot be extended to an isomorphism from f
s be any stable bundle. By [BGM10, Lemma 1.1], the framed bundle (E, α) is τ -stable for every nonzero homomorphism α : E| x −→ C r , so
Then the problem reduces to proving that there does not exist any isomorphism P(Hom(E| x , C r )) −→ P(Hom(E| ∨ x , C r )) extending the map
t which, fixing a basis of E| x , is equivalent to proving that there exists no algebraic automorphism D : P(Mat r (C)) −→ P(Mat r (C)) extending the transpose of the inverse map
Therefore, the result follows from Lemma 3.3.
The previous results deal with the extension of the maps T 
Proof. Since 2 E ∼ = ξ for every E ∈ M, there is an isomorphism
Consequently, for every σ and L we have
proving the lemma.
Automorphism group of the moduli space
In this section, we combine the results on the PGL r (C)-action on F proved in [BGM10] with the analysis on the transformations on F , F 0 and F ss given before to prove Theorem 1.1 and compute the structure of the automorphism group of F . Lemma 4.1. Let ϕ : F −→ F be an automorphism. Then there exists an automorphism σ : X −→ X with σ(x) = x, a line bundle L over X and s ∈ {1, −1} satisfying σ * ξ s ⊗ L ⊗r ∼ = ξ, such that the following diagram is commutative 
The results by [KP95] and [BGM13] on the structure of the automorphism group of M imply that there exist an automorphism σ : X −→ X, a line bundle L over X and s ∈ {1, −1} satisfying σ * ξ ⊗L ⊗r ∼ = ξ such that ψ = T σ,L,s . Moreover, following the argument in [BGM10, Corollary 4.2], as ψ comes from an automorphism of F , the induced automorphism σ : X −→ X must fix the point x ∈ X.
By [BGM10, Proposition 2.5], there exists a unique action of PGL r (C) on F up to a group automorphism of PGL r (C). Moreover, by [BGM10, Lemma 3.2] the set of GIT-semistable points for the action of PGL r (C) coincides with F ss for any polarization, so ϕ restricts to a map ϕ ss : F ss −→ F ss . Finally, as T σ,L,s preserves the stable locus M s ⊂ M for every σ, L and s, it follows that ϕ preserves
Lemma 4.2. Let ϕ : F −→ F be an automorphism. Then there exists
Proof. Let γ : PGL r (C) × F −→ F be the natural action of PGL r (C) on F described before. If ϕ is an automorphism of F , it induces another action
By [BGM10, Proposition 2.5], there exists a unique action of PGL r (C) on F up to a group automorphism of PGL r (C). For r = 2, all the automorphisms of PGL 2 (C) are inner and for r > 2, the only outer automorphism of PGL r (C) is the inverse-transpose, i.e., the map sending
[G] (E, α))) and it is only necessary to consider the latter when r > 2. In the first case, as
• ϕ is a PGL r (C)-equivariant automorphism. Let us prove that the second case is impossible if r > 2. Let T σ,L,s : M −→ M be the automorphism of M induced by ϕ. Let E be a stable vector bundle, and let
Fix any trivialization α :
. By Lemma 4.1, the composition ϕ [G −1 ] • ϕ preserves F 0 , so α ′ is an isomorphism. Using the trivializations α and α ′ , we get isomorphisms
t and, therefore, ϕ extends the inverse-transpose map to an automorphism of P(Mat r (C)), thus contradicting Lemma 3.3.
Let P be the projective bundle over M s whose fiber over a stable vector bundle E is P(Hom(E x , C r )). Even if M s does not admit a universal vector bundle, the existence of the bundle P is guaranteed by [BGM13, Lemma 2.2]. The fiber of its dual bundle P ∨ over a bundle E is canonically isomorphic to P(Hom(C r , E x )).
Lemma 4.3. If r > 2, then the two projective bundles P and P ∨ are not isomorphic.
Proof. We will break up into several cases because this can be seen from different points of view.
First assume that r and degree(ξ) are coprime. Then there is a Poincaré vector bundle over X × M s . Let
(4.1) Assume that the projective bundles P ∨ and P are isomorphic. Consequently, from (4.1) it follows that there is a line bundle L 0 on M s such that This implies that r = 2. Now assume that r and degree(ξ) have a common factor. Let
be the greatest common divisor. The Brauer group Br(M s ) of M s is the cyclic group Z/δZ, and it is generated by the class of the restriction to {x} × M s of the projectivized Poincaré bundle [BBGN07, p. 267, Theorem 1.8]; we will denote this generator of Br(M s ) by ϕ 0 . Now, the class of P ∨ is ϕ 0 (tensoring by a vector bundle does not change the Brauer class), and hence the class of P is −ϕ 0 . If P ∨ is isomorphic to P, then we have ϕ 0 = −ϕ 0 , hence δ = 2 (as it is the order of ϕ 0 ).
We now assume that δ = 2. For a suitable P r−1 C embedded in M s , the restriction of P ∨ to it is the projectivization of the vector bundle 
so we obtain
Then we conclude that r − 1 divides 2, which implies that either r = 2 or r = 3. However, r is even because δ = 2, so r = 2.
Lemma 4.4. Let ϕ : F −→ F be an automorphism. Then there exist an automorphism σ : X −→ X with σ(x) = x, and a line bundle L over X, such that the induced automorphism on M is T σ,L,+ .
Proof. For r = 2, this is a direct consequence of Lemma 3.5. Assume that r > 2 and suppose that there exist σ and L such that the
The following diagram is commutative by construction
, we obtain an iso- Proof. If ϕ 0 is PGL r (C)-equivariant then it is an automorphism of F 0 considered as a PGL r (C)-principal bundle. Let P be the universal projective bundle over M s , i.e., the unique projective bundle over X × M s whose fiber over each stable vector bundle E is P(E). Let {U α } be a trivializing cover of M s for P| x , and let g αβ : U α ∩ U β −→ PGL r (C) be the corresponding transition functions. Observe that {U α } is also a trivializing cover for P and, thus, for the PGL r (C)-bundle F 0 . It is straightforward to check that the transition functions for F 0 as PGL r (C)-bundle are (g −1 αβ ) t . Therefore, we conclude that F 0 is the PGL r (C)-principal bundle associated to the dual bundle of P| x , i.e., P ∨ | x . By [BBN09] , the projective bundle P| x is stable and, therefore, its dual P ∨ | x must also be stable. Applying the results from [BG08] we know that P ∨ | x is simple and, therefore, F 0 has no nontrivial automorphism, so ϕ 0 must be the identity map.
Theorem 4.6. Let X be a smooth complex projective curve of genus g > 2. Assume that 0 < τ < τ 0 (r). Let ϕ : F −→ F be an automorphism of the moduli space of τ -semistable framed bundles with fixed determinant ξ. Then there exist
• an automorphism σ : X −→ X with σ(x) = x, • a degree zero line bundle L ∈ J(X) with σ * ξ ⊗ L ⊗r ∼ = ξ, and
Proof. By Lemma 4.2, composing with ϕ [G] for some [G] ∈ PGL r (C), we may assume without loss of generality that ϕ is a PGL r (C)-equivariant isomorphism. Applying Lemma 4.1 and Lemma 4.4, there must exist an automorphism σ : X −→ X with σ(x) = x, and a line bundle L over X with σ * ξ ⊗ L ⊗r ∼ = ξ, such that the following diagram is commutative
commuting with the projection to M. The map T σ,L,+ is PGL r (C)-equivariant by construction, so ϕ ′ is a PGL r (C)-equivariant automorphism of F commuting with the projection to M. By the second part of Lemma 4.1, the automorphism ϕ ′ preserves F 0 , so it induces a PGL r (C)-bundle map
Using Lemma 4.5 we obtain that ϕ 0 is the identity map on F 0 . There exists at most one extension of ϕ 0 to F , because F 0 is dense in F and the latter is irreducible. Since the identity map of F is one such extension, it follows that ϕ ′ = Id F , so we have ϕ = T σ,L,+ .
Let J(X)[r] denote the r-torsion points in the Jacobian of X, and let Aut(X, x) be the group of automorphisms of X that fix the point x ∈ X, i.e., Aut(X, x) = {σ ∈ Aut(X) | σ(x) = x} . Proof. We proved that the automorphism group is generated by the maps • ϕ [G] for each [G] ∈ PGL r (C), and • T σ,L,+ for each σ ∈ Aut(X, x) and each L ∈ J(X) such that σ * ξ ⊗ L ⊗r ∼ = ξ. First of all, the action of PGL r (C) is faithful and commutes with all of the maps T σ,L,+ , so we can split the group Aut(F ) as a product Aut(F ) ∼ = PGL r (C) × T σ,L,+ .
Observe that, by construction, T σ,L,+ lies over the automorphism T σ,L,+ : M −→ M through the forgetful map f : F −→ M. Since the latter is not trivial for any σ ∈ Aut(X, x) and L ∈ Pic(X), apart from (σ, L) = (Id, O X ), it follows that T σ,L,+ = Id for (σ, L) = (Id, O X ). Therefore, in order to obtain the desired result it is enough to prove that the group T = {T σ,L,+ } consisting of the maps T σ,L,+ is an extension of Aut(X, x) by J(X) [r] .
Let σ ∈ Aut(X, x) be any automorphism. Since degree(σ * ξ) = degree(ξ), there is a line bundle L σ ∈ J(X) such that
Moreover, if L Then, T σ,L,+ is generated as a group by the maps
